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Òèïè÷íûé áèîëîãè÷åñêèé íåéðîí
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Ìåìáðàííûé ïîòåíöèàë íåéðîíà

Óðàâíåíèå ìåìáðàííîãî ïîòåíöèàëà mj(t) äëÿ èçîëèðîâàííîãî
íåéðîíà ñ íîìåðîì j èìååò âèä

αj
dmj

dt
= −mj(t) + hj , (1)

ãäå hj ðàâíîâåñíûé ïîòåíöèàë j-ãî íåéðîíà, ýòî ìåìáðàííûé
ïîòåíöèàë, êîòîðûé óñòàíàâëèâàåòñÿ â îòñóòñòâèè âíåøíèõ
ñèãíàëîâ, αj ïîñòîÿííàÿ âðåìåíè, õàðàêòåðèçóþùàÿ
èíåðöèîííîñòü j-ãî íåéðîíà.
Óðàâíåíèå (1) äîïîëíÿåòñÿ ñèãíàëàìè äðóãèõ íåéðîíîâ ñåòè:

αj
dmj

dt
= −mj(t) + hj +

n∑
v=1

wjvmv (t), j = 1, 2, . . . , n, (2)

ãäå wjv âåñîâûå êîýôôèöèåíòû (ñèëû äåéñòâèÿ v -ãî íåéðîíà íà
j-é). Ïîñêîëüêó äåíäðèòû äàííîãî íåéðîíà ïðîâîäÿò ñèãíàëû
òîëüêî äðóãèõ íåéðîíîâ, èìååì wjj = 0.
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Äèôôåðåíöèàëüíîå óðàâíåíèå áèîëîãè÷åñêîé íåéðîííîé

ñåòè ñ çàïàçäûâàíèÿìè

Ââîäèì çàïàçäûâàíèÿ τjv (1 6 j , v 6 n) â (2) è ïîëó÷àåì

αj
dmj

dt
= −mj(t) + hj +

n∑
v=1

wjvmv (t − τjv ), j = 1, 2, . . . , n (3)

Ââîäèì òðàäèöèîííûå ñîãëàøåíèÿ î ðàâåíñòâå âñåõ
çàïàçäûâàíèé è ïîêàçàòåëåé èíåðöèîííîñòè íåéðîíîâ: τj ,v ≡ τ ,
αj ≡ α. Ââåäåì ìàòðèöó W = (wjv )

n
j ,v=1 è âåêòîðû

m(t) = (m1(t), ...,mn(t))
T , H = (h1, ..., hn)

T . Òîãäà ñèñòåìà (3)
ïðèìåò âèä

αṁ(t) = −m(t) + H +W ·m(t − τ). (4)

Ýòî ëèíåéíîå íåîäíîðîäíîå ìàòðè÷íîå óðàâíåíèå ñ
çàïàçäûâàíèÿìè äëÿ âåêòîðà m(t) ìåìáðàííûõ ïîòåíöèàëîâ
íåéðîíîâ â íåéðîííîé ñåòè.
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Äèôôåðåíöèàëüíîå óðàâíåíèå íåéðîííîé ñåòè â

îòêëîíåíèÿõ îò ñòàöèîíàðíîãî ðåøåíèÿ

Ðàññìîòðèì ñòàöèîíàðíîå ðåøåíèå m(t) ≡ m∗ óðàâíåíèÿ (4).
Èìååò ìåñòî ðàâåíñòâî m∗ = W ·m∗ + H. Ââåäåì îòêëîíåíèÿ
x(t) = m(t)−m∗. Óðàâíåíèå (4) â îòêëîíåíèÿõ ïðèìåò âèä

αẋ(t) = −x(t) +W · x(t − τ). (5)

Èíòåðïðåòàöèÿ:

x(t) âåêòîð îòêëîíåíèé ìåìáðàííîãî ïîòåíöèàëà îò
ñòàöèîíàðíîãî ñîñòîÿíèÿ â ìîìåíò t, t ∈ R,
W ìàòðèöà ñèë âçàèìîäåéñòâèé íåéðîííîé ñåòè,
τ çàïàçäûâàíèå âî âçàèìîäåéñòâèè íåéðîíîâ.

Èñòî÷íèê:

M. Arbib, editor, The handbook of brain theory and neural
networks, MIT Press, 2003.
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Äèñêðåòèçàöèÿ áèîëîãè÷åñêîé ìîäåëè íåéðîííûõ ñåòåé

Íåïðåðûâíàÿ ìîäåëü:

αẋ(t) = −x(t) +W · x(t − τ).

Èíòåðïðåòàöèÿ:
t ∈ R âðåìÿ;
x(t) = (x (1)(t), . . . x (n)(t))T

âåêòîð îòêëîíåíèé ìåìáðàííûõ
ïîòåíöèàëîâ îò ñòàöèîíàðíîãî
óðîâíÿ â ìîìåíò t;
α êîýôôèöèåíò äåìïôèðîâàíèÿ
íåéðîíà;
W ìàòðèöà ñèë çàïàçäûâàþùèõ
âçàèìîäåéñòâèé íåéðîíîâ;
τ çàïàçäûâàíèå.
Èñòî÷íèê ìîäåëè: M. Arbib
(1998, 2003)

Äèñêðåòíàÿ ìîäåëü:

xs = γ xs−1 + B xs−k .

Èíòåðïðåòàöèÿ:
s ∈ N âðåìÿ;

xs = (x
(1)
s , . . . x

(n)
s )T

âåêòîð îòêëîíåíèé ìåìáðàííûõ
ïîòåíöèàëîâ îò ñòàöèîíàðíîãî
óðîâíÿ â ìîìåíò s;
γ êîýôôèöèåíò äåìïôèðîâàíèÿ
íåéðîíà;
B ìàòðèöà ñèë çàïàçäûâàþùèõ
âçàèìîäåéñòâèé íåéðîíîâ;
k çàïàçäûâàíèå.
Èñòî÷íèê ìîäåëè: E. Kaslik
(2007, 2009)
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Óñëîæíåíèå äèñêðåòíîé ìîäåëè áèîëîãè÷åñêîé

íåéðîííîé ñåòè

Â äèñêðåòíîé ìîäåëè

xs = γ xs−1 + B xs−k , s = 1, 2, . . .

çàïàçäûâàíèå k âî âçàèìîäåéñòâèè ðàçëè÷íûõ íåéðîíîâ êðàòíî
çàïàçäûâàíèþ â äåìïôèðîâàíèè ñîáñòâåííûõ êîëåáàíèé
íåéðîíîâ, ðàâíîìó 1.
Íàøè ìåòîäû èçó÷åíèÿ óñòîé÷èâîñòè ðàçíîñòíûõ óðàâíåíèé
äîñòàòî÷íî ìîùíû, ÷òîáû ó÷åñòü âîçìîæíîñòü, êîãäà
çàïàçäûâàíèå k âî âçàèìîäåéñòâèè ðàçëè÷íûõ íåéðîíîâ íå
êðàòíî çàïàçäûâàíèþ â äåìïôèðîâàíèè ñîáñòâåííûõ êîëåáàíèé
íåéðîíîâ. Ïîýòîìó ìû ââåäåì íàòóðàëüíîå ÷èñëî m, òàêîå ÷òî
1 6 m 6 k , è áóäåì èçó÷àòü óðàâíåíèå ñ äâóìÿ çàïàçäûâàíèÿìè

xs = γ xs−m + B xs−k , s = 1, 2, . . . (6)

Íàòóðàëüíîå ÷èñëî m áóäåì íàçûâàòü çàïàçäûâàíèåì â
äåìïôèðîâàíèè ñîáñòâåííûõ êîëåáàíèé íåéðîíà.
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Íåéðîííûå ñåòè è ðåàëüíûé ìèð

Âñÿêóþ ìîäåëü, â êîòîðîé èìåþòñÿ óçëû è ñâÿçè ìåæäó íèìè,
ìîæíî ðàññìàòðèâàòü êàê íåéðîííóþ ñåòü.

Ìîäåëè çåìëåòðÿñåíèé � íåéðîííàÿ ñåòü

Baiesi M., Paczuski M., Scale-free networks of earthquakes and
aftershocks, Physical Review E (2004) V. 69, 907�908.

Ìóëüòèêîìïüþòåð � íåéðîííàÿ ñåòü

Howlett R.J., Walters S.D., Multi-computer neural network
architecture, Electronics Letters, 1999, V. 35(6), 1350�1352

Ìîäåëü èçâëå÷åíèÿ ñëîâ èç ïàìÿòè � íåéðîííàÿ ñåòü

Ãîïû÷, Ï. Ì., Òðåõýòàïíàÿ êîëè÷åñòâåííàÿ íåéðîñåòåâàÿ
ìîäåëü ÿâëåíèÿ �íà êîí÷èêå ÿçûêà�, IX-é Ìåæäóíàðîäíàÿ êîíô.
"Çíàíèå-äèàëîã-ðåøåíèå"(KDS-2001) � Ñ. 158�165.

Íåðâíûå ñèñòåìû æèâûõ ñóùåñòâ � íåéðîííàÿ ñåòü
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Îïðåäåëåíèå íåéðîííîé ñåòè

Íåéðîííàÿ ñåòü � óïîðÿäî÷åííàÿ ïÿòåðêà îáúåêòîâ
A = (γ, k,m, n,B),

ãäå γ ∈ R, k,m ∈ Z+ (k > m), B ∈ Rn×n.
Äèàãîíàëüíûå ýëåìåíòû ìàòðèöû B ðàâíû íóëþ.

γ � êîýôôèöèåíò äåìïôèðîâàíèÿ ñîáñòâåííûõ êîëåáàíèé
íåéðîíà, γ ∈ (−1; 1).
k � çàïàçäûâàíèå âî âçàèìîäåéñòâèè íåéðîíîâ.
m � çàïàçäûâàíèå â äåìïôèðîâàíèè ñîáñòâåííûõ êîëåáàíèé
íåéðîíîâ, m 6 k .
n � êîëè÷åñòâî íåéðîíîâ â ñåòè.
B � ìàòðèöà âçàèìîäåéñòâèé, çàïàçäûâàþùèõ íà k òàêòîâ.
bvj � ñèëà âîçäåéñòâèÿ j-ãî íåéðîíà íà v -é.

Óðàâíåíèå ñåòè A:
xs = γ xs−m + B xs−k , s = 1, 2, . . .
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Ãðàô íåéðîííîé ñåòè

Ãðàôîì íåéðîííîé ñåòè A = (γ, k ,m, n,B) íàçîâåì
âçâåøåííûé íàïðàâëåííûé ãðàô (V ,E ) ñ ìíîæåñòâîì âåðøèí
V = {1, 2, . . . , n} è ìíîæåñòâîì äóã E , îïðåäåëåííûì
ñëåäóþùèì îáðàçîì: (j , v) ∈ E , åñëè è òîëüêî åñëè βjv 6= 0 â
ìàòðèöå B = (βjv )

n
j ,v=1.

Â ñëó÷àå βjv 6= 0 âåñ äóãè (j , v) åñòü βjv .

Ãðàô êîëüöåâîé íåéðîííîé ñåòè C3(a, b) = (γ, k ,m, 3,C3(a, b)).
a � ñèëà äåéñòâèÿ íåéðîíà íà ñîñåäíèé íåéðîí ïî ÷àñîâîé
ñòðåëêå, b � ñèëà îáðàòíîãî äåéñòâèÿ.
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Îïðåäåëåíèå óñòîé÷èâîñòè

Ìû ðàññìàòðèâàåì ìàòðè÷íîå ðàçíîñòíîå óðàâíåíèå

xs = Axs−m + B xs−k , s = 1, 2, . . .

Çäåñü x : Z+ → Rn; A,B ∈ Rn×n, íàòóðàëüíûå ÷èñëà k ,m �
çàïàçäûâàíèÿ (k > m).

Ìû íàçûâàåì äàííîå óðàâíåíèå (àñèìïòîòè÷åñêè) óñòîé÷èâûì,
åñëè åñëè äëÿ ëþáîãî åãî ðåøåíèÿ (xs) ïîñëåäîâàòåëüíîñòü
(|xs |) îãðàíè÷åíà (lims→∞ |xs | = 0).
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Êîíóñ óñòîé÷èâîñòè

Êîíóñ óñòîé÷èâîñòè äëÿ k = 5, m = 4

Èâàíîâ Ñ.À. 12



Îñíîâàíàÿ òåîðåìà

Ïóñòü k > m > 1 è ÷èñëà k ,m âçàèìíî ïðîñòû. Ïóñòü
A,B,S ∈ Rn×n è S−1AS = AT è S−1BS = BT , ãäå AT è BT �
íèæíèå òðåóãîëüíûå ìàòðèöû ñ ýëåìåíòàìè
aj s , bj s (1 6 j , s 6 n). Ïîñòðîèì òî÷êè Mj = (u1j , u2j , u3j) ∈ R3,
(1 6 j 6 l), òàêèå ÷òî

u1j + iu2j = bjj exp(−i
k

m
arg ajj), u3j = |ajj |.

Òîãäà óðàâíåíèå xs = Axs−m + B xs−k àñèìïòîòè÷åñêè
óñòîé÷èâî åñëè è òîëüêî åñëè âñå òî÷êè Mj (1 6 j 6 n)
íàõîäÿòñÿ âíóòðè êîíóñà óñòîé÷èâîñòè äëÿ äàííûõ k ,m.
Åñëè ñóùåñòâóåò j (1 6 j 6 n), òàêîå ÷òî Mj ðàñïîëîæåíî âíå
êîíóñà óñòîé÷èâîñòè, òî óðàâíåíèå xs = Axs−m + B xs−k
íåóñòîé÷èâî.
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Ïðîãðàìíûé ïðîäóêò ¾Óñòîé÷èâîñòü ìàòðè÷íûõ

ðàçíîñòíûõ óðàâíåíèé ñ äâóìÿ çàïàçäûâàíèÿìè¿

Ïðîãðàììà ¾Óñòîé÷èâîñòü ðàçíîñòíûõ ìàòðè÷íûõ óðàâíåíèé ñ
çàïàçäûâàíèÿìè¿ äëÿ äèàãíîñòèðîâàíèÿ óñòîé÷èâîñòè
ìàòðè÷íûõ ðàçíîñòíûõ óðàâíåíèé xs = Axs−m + B xs−k .

Èâàíîâ Ñ.À. 14



Êîëüöåâàÿ íåéðîííàÿ ñåòü

Íåéðîííàÿ ñåòü Cn(a, b) = (γ, k ,m, n,Cn(a, b)) ñ êîëüöåâîé
êîíôèãóðàöèåé íåéðîíîâ îïèñûâàåòñÿ ñèñòåìîé ðàçíîñòíûõ
óðàâíåíèé

xs = γ xs−m + Cn(a, b) xs−k , s = 1, 2, . . .

ãäå xs âåêòîð ñîñòîÿíèÿ ñåòè â ìîìåíò s = 1, 2 . . ., I åäèíè÷íàÿ
n × n ìàòðèöà, γ êîýôôèöèåíò äåìïôèðîâàíèÿ ñîáñòâåííûõ
êîëåáàíèé íåéðîíà (|γ| < 1), m ∈ Z+ çàïàçäûâàíèå â
äåìïôèðîâàíèè.
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Öèðêóëÿíòíàÿ ìàòðèöà âçàèìîäåéñòâèé êîëüöåâîé

íåéðîííîé ñåòè

Ìàòðèöà Cn(a, b) âçàèìîäåéñòâèé íåéðîíîâ, çàïàçäûâàþùèõ íà
k òàêòîâ, èìååò âèä

Cn(a, b) =


0 b 0 . . . 0 a
a 0 b . . . 0 0
0 a 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 b
b 0 0 . . . a 0

 .

Çäåñü a � ñèëà âîçäåéñòâèÿ íåéðîíà íà ñîñåäíèé íåéðîí ïî
÷àñîâîé ñòðåëêå, b � ñèëà îáðàòíîãî âîçäåéñòâèÿ (a, b ∈ R).
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Ïðîâåðêà óñòîé÷èâîñòè êîëüöåâûõ íåéðîííûõ ñåòåé

Òî÷êè Mj (1 6 j 6 10) è ñå÷åíèå êîíóñà óñòîé÷èâîñòè äëÿ
k = 3, m = 2 íà óðîâíå γ = 0.4. (a) ñåòü óñòîé÷èâà, (b) ñåòü íà
ãðàíèöå óñòîé÷èâîñòè, (c) ñåòü íåóñòîé÷èâà.
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Îáëàñòè óñòîé÷èâîñòè êîëüöåâûõ íåéðîííûõ ñåòåé

Îáëàñòè óñòîé÷èâîñòè â ïëîñêîñòè (a, b) äëÿ êîëüöåâîé
ñèñòåìû äëÿ n = 10, k = 3, m = 2, (a) γ = 0.4, (b) γ = −0.4.
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Ëèíåéíàÿ êîíôèãóðàöèÿ íåéðîíîâ

Ëèíåéíàÿ êîíôèãóðàöèÿ n íåéðîíîâ
Ln(a, b) = (γ, k ,m, n, Ln(a, b)) îïèñûâàåòñÿ ñèñòåìîé

xs = γ xs−m + Ln(a, b) xs−k , s = 1, 2, . . .

ãäå Ln(a, b) ìàòðèöà ñèë çàïàçäûâàþùèõ âçàèìîäåéñòâèé
íåéðîíîâ:

Ln(a, b) =


0 b 0 . . . 0 0
a 0 b . . . 0 0
0 a 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 b
0 0 0 . . . a 0

 .

Çäåñü a � ñèëà âîçäåéñòâèÿ íåéðîíà íà ïðàâîãî ñîñåäà, b �
ñèëà îáðàòíîãî âîçäåéñòâèÿ.
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Îáëàñòè óñòîé÷èâîñòè ëèíåéíûõ íåéðîííûõ ñåòåé
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Ïàðàäîêñàëüíûå òî÷êè

Îïðåäåëåíèå

Íàçîâåì òî÷êó (a, b) ïàðàäîêñàëüíîé â êîëüöåâîé ñåòè ïðè
äàííûõ k,m, γ, åñëè êîëüöåâàÿ ñåòü ïðè äàííûõ k , m, γ, a, b
àñèìïòîòè÷åñêè óñòîé÷èâà, à ëèíåéíàÿ ïðè òåõ æå k , m, γ, a, b
íåóñòîé÷èâà.
Êðàñíàÿ îáëàñòü - îáëàñòü ïàðàäîêñàëüíûõ òî÷åê.
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Òåîðåìà î ïàðàäîêñàëüíûõ òî÷êàõ

Òåîðåìà

Ïóñòü m = 1.
1. Åñëè n äåëèòñÿ íà 4, òî ïàðàäîêñàëüíûå òî÷êè â êîëüöåâîé
ñåòè íå ñóùåñòâóþò íè ïðè êàêèõ k > 1, γ.
2. Åñëè n ÷åòíî, íî íå äåëèòñÿ íà 4, òî ïàðàäîêñàëüíûå òî÷êè â
êîëüöåâîé ñåòè ñóùåñòâóþò ïðè ëþáûõ k , γ, òàêèõ ÷òî k > 1,
|γ| < 1.
3. Åñëè n íå÷åòíî, òî äëÿ ëþáîãî çàïàçäûâàíèÿ k > 1 íàéäåòñÿ
γ0 ∈ (0; 1), òàêîå ÷òî äëÿ ëþáîãî γ, óäîâëåòâîðÿþùåãî óñëîâèþ
γ0 < |γ| < 1, ïàðàäîêñàëüíûå òî÷êè â êîëüöåâîé ñåòè
ñóùåñòâóþò.
4. Åñëè n íå÷åòíî, òî äëÿ ëþáîãî çàïàçäûâàíèÿ k > 1 íàéäåòñÿ
γ1 ∈ (0; 1), òàêîå ÷òî äëÿ ëþáîãî γ, óäîâëåòâîðÿþùåãî óñëîâèþ
0 6 |γ| < γ1, ïàðàäîêñàëüíûå òî÷êè â êîëüöåâîé ñåòè íå
ñóùåñòâóþò.
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Èçìåíåíèÿ â îáëàñòÿõ óñòîé÷èâîñòè â ïðîöåññå ðàçðûâà

êîëåö íåéðîííûõ ñåòåé
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Ïàðàäîêñàëüíûå òî÷êè â ìàëûõ êîëüöàõ íåéðîíûõ ñåòåé

Êðàñíûì ïîêàçàíû ïàðàäîêñàëüíûå òî÷êè.
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Ïàðàäîêñàëüíûå òî÷êè â ìàëûõ êîëüöàõ íåéðîíûõ ñåòåé

Êðàñíûì ïîêàçàíû ïàðàäîêñàëüíûå òî÷êè.
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Ïàðàäîêñàëüíûå òî÷êè â ìàëûõ êîëüöàõ íåéðîíûõ ñåòåé

Êðàñíûì ïîêàçàíû ïàðàäîêñàëüíûå òî÷êè.
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Ïàðàäîêñàëüíûå òî÷êè â ìàëûõ êîëüöàõ íåéðîíûõ ñåòåé

Êðàñíûì ïîêàçàíû ïàðàäîêñàëüíûå òî÷êè.
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Ïàðàäîêñàëüíûå òî÷êè â ìàëûõ êîëüöàõ íåéðîíûõ ñåòåé

Ãðàíèöû îáëàñòåé óñòîé÷èâîñòè â ïëîñêîñòè ab äëÿ ÷åòûðåõ
ñåòåé: C3(a, b)� C5(a, b) (÷åðíûé öâåò), L3(a, b)� C5(a, b)
(ñèíèé), C3(a, b)�L5(a, b) (çåëåíûé), L3(a, b)�L5(a, b)
(ôèîëåòîâûé).
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The classi�cation of neural networks

Standart network con�gurations are divided into two groups

If a = 0 or b = 0, i.e. if the action of neuron to its neighbors is
unidirectional, then the stability guaranteed to the �rst group of
networks. This is not case for the second group of networks.
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Small world networks

The algorithm for constructing small world networks
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The domain of stability of small world networks

Network settings:n = 1500, k = 30, m = 3, r = 2, γ = 0, 4.
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×èñëîâûå õàðàêòåðèñòèêè ãðàôà íåéðîííîé ñåòè

Äëèíà êðàò÷àéøåãî ïóòè â ñðåäíåì L

L =
1

n(n − 1)

∑
i ,j∈n,i 6=j

dij ,

ãäå n - ÷èñëî íåéðîíîâ â ñåòè, dij - ðàññòîÿíèå îò óçëà i äî
óçëà j .

Èâàíîâ Ñ.À. 32



×èñëîâûå õàðàêòåðèñòèêè ãðàôà íåéðîííîé ñåòè

Êîýôôèöèåíò êëàñòåðèçàöèè C

Ïðåäïîëîæèì ÷òî âåðøèíà v èìååò kv ñîñåäåé. Òîãäà ÷èñëî
ðåáåð ìåæäó íèìè ìåíüøå èëè ðàâíî (kv (kv−1))

2 , ðàâåíñòâî
äîñòèãàåòñÿ, êîãäà âñå ñîñåäè âåðøèíû v ñîåäèíåíû ìåæäó
ñîáîé. Îáîçíà÷èì êàê Cv ÷èñëî ðåáåð, êîòîðûå ðåàëüíî
ñóùåñòâóþò èç âîçìîæíûõ ìåæäó ñîñåäÿìè, ò.å. êîýôôèöèåíò
êëàñòåðèçàöèè äëÿ âåðøèíû ðàâåí îòíîøåíèþ ÷èñëà ðåàëüíî
ñóùåñòâóþùèõ ðåáåð ìåæäó åå ñîñåäÿìè ê ÷èñëó âñåõ
âîçìîæíûõ ðåáåð ìåæäó íèìè è âû÷èñëÿåòñÿ ïî ôîðìóëå

C =
2Cv

(kv (kv − 1))
.

Òîãäà îáùèé êîýôôèöèåíò êëàñòåðèçàöèè îïðåäåëèì êàê
ñðåäíåå ìåæäó êîýôôèöèåíòàìè êëàñòåðèçàöèè âñåõ âåðøèí.
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The domain of stability of small world networks

Network settings:n = 400, k = 40, m = 3, r = 2, γ = 0, 4.
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Scienti�c results of the research of neural networks

• Ivanov S., Kipnis M. On the stability of a neural network with
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Ñïàñèáî çà âíèìàíèå
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